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Abstract 
During robot development, one of the main problems is the problem of more weight transfer to the greatest distance. 
The article discusses the robot kinematics, where all the movers are located as close as possible to the carrier link axis. 
All link engines perform rotational movements. This can significantly increase the payload of the robot. Due to 
kinematic relationships, the motion of one robot link is difficult to describe both in the Cartesian coordinate system and 
in the spherical one. The article proposes the solution to the problem of the robot intermediate link position 
determination, with a known position of the end unit. 
We analyzed such options for the problem solution as the inverse transformation method, the analytical method, the 
interval method, the finite rotation and displacement method, the biquaternion solution, Mesh-based Inverse 
Kinematics, and FABRIK. The analytical method was optimal for the kinematics of the manipulator under 
consideration. Mathematical formulas are obtained that allow one to obtain the position of the intermediate links after 
the method application. 
The resulting mathematical models will allow you to get the position of the manipulator intermediate links, to create a 
virtual manipulator and debug a control program on stationary computing systems. The resulting mathematical models 
are quite simple. Their calculation can be entrusted to a low-power computing system. This will allow the creation of 
autonomous adaptive systems using artificial intelligence. 
 
Keywords 
Kinematics Inverse Problem, Generalized Coordinates, Manipulator, 3 Degrees of Freedom, Analytical Method.  
 
Introduction 
During robot design, one of the main problems is the problem of more weight transfer to the greatest distance. They try 
to solve the restrictions imposed by the laws of physics mainly by propulsion power increase. But it is obvious that a lot 
of power leads to weight increase and the robot is already engaged in its own weight transfer. For example, KUKA KR 
AGILUS manipulators are designed in this way [1]. The second way is to design the kinematics of the manipulator in an 
original way. To transfer the robot weight to the center of rotation in balanced way, and spend energy on useful work. 
For example, ABB IRB-460 manipulators are constructed in this way [2]. The first type of robot is quite easily 
described by mathematical equations in a spherical coordinate system. The second type of robot is quite difficult to 
describe both in spherical and Cartesian coordinate system. Since we are used to think in Cartesian coordinate system, 
this is the way of coordinate representation that should be preferred. 
The robots like IRB-460 are quite simple to design. Increasingly, such manipulators are designed and manufactured in a 
single copy by small companies for private use in small industries. 
The manipulator design is simple. Low cost of the manipulator manufacturing and maintenance are the main advantages 
of these robots. But the system for the final link position calculation is complicated. At the moment, mathematical 
models to control the robots like IRB-460 are hidden from an average user. The user creates a robot movement program 
using a practical method more and more often. It outputs the end unit to the starting point and remembers the position of 
the intermediate units. The number of key points can reach several hundred. This way of programming a robot is 
extremely inefficient. 
This article proposes the methodology for calculating the position of the intermediate units for the manipulator of IRB-
460 type. 
 
Methods 
It is necessary to solve various kinds of problems in robotics, to control the manipulation of an object in three-
dimensional space by the means of a manipulation device. A special place among them is occupied by the inverse 
kinematics problem [3], which consists in the following: let there be an absolute (fixed) rectangular Cartesian 
coordinate system. According to the given coordinates (x, y, z) of the last link - the grip and its orientation in the 
absolute coordinate system - to determine generalized coordinates (q1, q2, q3, ... qn) [4], n is the number of degrees of 
the manipulator freedom. That is, to find such rotation angles (generalized coordinates) for each link of the manipulator 
so that its grip moves to the desired point. There are many different methods for this problem solution. All of them can 
be divided into two classes: exact and approximate. 
Among them there are such methods as the inverse transformation method [5], the analytical method [6], the interval 
method [7], the finite rotation and displacement method [8], the biquaternion solution [9], Mesh-based Inverse 
Kinematics [10], and FABRIK [11]. 
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This article may be of interest as it describes the analytical (exact) method for inverse kinematics problem solution of a 
nontrivial manipulator design [12]. This design involves the analytical consideration of part or all inverse kinematics 
problem solution. 
Problem statement. The robot of the design under consideration can be seen on Fig. 1.  

 
Fig. 1: Manipulator Robot 

The kinematic diagram is shown on the figures 2, 3. 

 
Fig. 2: Kinematic Diagram of the Robot - Top View 

 
Fig. 3: Kinematic Diagram of the Robot - Left View 

 

Let's consider this scheme. The position of the grip - the link 8l  is determined by the coordinates  ; ;x y z . The link 

8l , like 2l , moves parallel to the XOY plane. The beginning of the link 1l  is at the beginning of the absolute coordinate 

system  ; ;X Y Z  and parallel to Z axis [13]. 
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The robot has three generalized coordinates  1 2 3; ;q q q . The angle 1q  (Fig. 2) determines the position of the grip on 

the XOY plane, turning the link 1l  (Fig. 3) around its axis. The angles  2 3;q q  (Fig. 3) determine the position of the 

grip along the Z axis by turning the links 4 3,l l . The complexity of the solution is to convey the movement of the grip 

by the link 3l .  

Absolute coordinates 
 ; ;x y z

are given. It is necessary to find the generalized coordinates 
 1 2 3; ;q q q

. 
The range of valid values for generalized coordinates. Let's define the range of the generalized coordinate admissible 
values [14]. The design of the manipulator is such that the values of the angles of each link individually can vary within 
the following limits: 
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However, look at fig. 3 - the links 4 3,l l  cannot overlap, then 2 3 0q q  . Finally, the range of valid values: 
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The image of permissible value range is presented on Fig. 4,  1 2 3; ;q q q  –  on Fig. 5. 

 

Fig. 4:  The Range of Valid Values for Generalized Coordinates  2 3;q q    
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Fig. 5: The Range of Valid Values for Generalized Coordinates  1 2 3; ;q q q   

The analytical method for inverse kinematics problem solution. Let's proceed to solve the inverse kinematics problem 
[15]. Fig. 2 shows that 

1

x
q arctg
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 
  

 
                                                        (2) 

2 2r x y                                                            (3) 

Also 1q  belongs to the range of valid values (1). 

The angle 1q  is found, let's find the angles  2 3;q q . Let's look on fig. 3, we will take the coordinates in this plane. 

,r z  are determined; in this plane, the links 1 2,l l  do not change their position; the end of the link  8l  has the 

coordinates  ;r z  [16], then the beginning of the link has the coordinates  8;r l z . Let us introduce an 

additional coordinate system  ;U V  [17], the beginning of which is at the junction of the links 4 3,l l  (Fig. 6). 

 

Fig. 6: Additional System of Coordinates  ;U V  

 
The transition matrix [10] into new CS: 
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Thus,  
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Let’s consider the point  8;r l z , i.e. 
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                                                     (5) 

In order to find 2q  let's remove all unnecessary and leave only two links 4 7,l l  (Fig. 7). 

 

Fig. 7 :  ;u v Point Dependence on 2q  and 2a  

If we connect the nodes of the links 4 7,l l , we get a triangle with the sides 4 7 47, ,l l s , where substituting  ;u v  from 

(5) 

2 2
47s u v                                                            (6) 

we find the angle 1a  in this triangle. According to the cosine theorem: 
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Let’s look at the Fig. 7. The angle 1a , and the point  ;u v are determined. Then let’s find 2q : 
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                                                 (8) 
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The values of 1a , 
v
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 
 

 are always defined with such arguments. Therefore, 2q  satisfies the range of 

admissible values (1) [18-22]. 

Similar to 1a  let's find 2a : 

2 2 2
4 7 47

2
4 7

arccos
2

l l s
a

l l

  
  

 
                                               (9) 

Let's note that the angles 2 2,q a  completely determine the position of the links 4 7,l l . Nevertheless, one can arrive at 

the point  ;u v  at the positions of these links symmetrically with respect to 47s . That is, there are two solutions in 

general, however, the earlier solution found is the only true one, since it does not turn the links [23]. 

In order to find the last coordinate 3q  let's remove all unnecessary (Fig. 8). 

 
Fig. 8: The Dependence of the Angle 3q  on 2a  

2 2,q a  are determined. These angles completely determine the radius vector b , the end of which is the connection of 

the links 5 6,l l . Let’s find it: 
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                         (10) 

The angle between the radius vector b  and the axis OV: 
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By the cosine theorem, the angle 4a : 
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Fig. 8 shows the following:  

3 4 3q a a                                                               (13) 

Also 3q  satisfies the range of valid values (1). 
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Summary 
According to the obtained data, we obtain the equations to calculate the angle of controlled propulsor rotation. The most 
optimal will be such devices as a servo drive with feedback and the ability to hold a given angle. By moving one servo 
drive, at least 2 coordinates are changed. This requires a constant position recount of all the movers. This is especially 
required when you move the final link along a certain path. The position of the first link is determined by the formula 
(2). The position of the second link is determined by the formula (8). The position of the third link is written as (13). 
The proposed results are exact mathematical models. But in the process of a real manipulator manufacturing, 
assembling and operating inaccuracies always arise. Therefore, it is necessary to introduce corrections into the 
equations that take into account the above inaccuracies. The most effective way is to calibrate the robot based on 
several key points. The more points, the more accurate model of corrections can be obtained. Calibration rules make a 
topic for a separate article. It should be noted that one-time calibration is enough. In the future, only significant wear of 
the robot units will affect the accuracy of the manipulator final unit positioning. 
Let's also note that in the process of the inverse kinematics problem solution, the fact was discovered that there are 
several solutions for two links of this structure. However, given the restrictions imposed by other links, such as the 
impossibility of link overlapping, there is only one solution in the range of acceptable values. 
 
Conclusions 
The inverse kinematics problem of the non-trivial structure of a robot-manipulator with three degrees of freedom has 
been solved analytically, admissible values of generalized coordinates have been found. 
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