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Abstract

The work is devoted to the proof of the existence theorem and the development of analytical numerical methods for
finding solutions of geometrically nonlinear boundary value problems of the three-dimensional elasticity theory.
Currently, the solvability of nonlinear spatial boundary-value problems for isotropic homogeneous and piecewise-
homogeneous elastic bodies is most fully studied. Therefore, the development of mathematical methods to investigate the
solvability and prove theorems on the existence of solutions of spatial nonlinear problems for anisotropic inhomogeneous
elastic bodies is very important. In this paper, we study the solvability of nonlinear boundary value problems of the three-
dimensional elasticity theory for an isotropic inhomogeneous ellipsoid under kinematic boundary conditions. In the case
of three-dimensional problems, the proposed research is based on integral approximations for displacements and on the
fundamental solutions of Laplace, with which equilibrium equations are reduced to a system of three-dimensional singular
integral equations in the volume occupied by an elastic body. The solvability of the system of integral equations is
established using topological methods. Representations for displacements constructed in this way allow us to reduce the
original system of equilibrium equations to a single nonlinear operator equation, the solvability of which is investigated
using the principle of contracted mappings.
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Introduction

When creating computer programs that allow solving complex problems of calculating elastic structures, the problem of
adequacy of the model chosen to real processes comes to the fore. The solution to this problem is based on a rigorous
mathematical study of the solvability of boundary value problems. Availability of existence theorems makes it easy to
prove the convergence of numerical methods to the exact real solution. Therefore, a rigorous study of the solvability of
boundary value problems and the proof of existence theorems are a very topical problem in the mathematical theory of
elasticity. In this paper, the method is used based on application of integral approximations for the components of
displacements to study the solvability of nonlinear boundary problems for an isotropic inhomogeneous elastic ellipsoid.
The problem is reduced to a system of singular spherical integral equations, the solvability of which is established with
the involvement of a singular operator.

Methods

The method proposed for studying the solvability of spatial nonlinear boundary value problems is based on integral
approximations for displacements. Here, they are constructed using an approach based on the use of a harmonic Green
function and the Dirichlet problem in the case of elastic bodies of special configuration (ball, half-space, cylinder, etc.)
and the harmonic potential theory for the case of certain bones elastic bodies. A distinctive feature of the proposed method
is that the fundamental solutions underlying the potential theory are not related to the original system of equilibrium
equations, they are only solutions of the Laplace equation. The integral approximations obtained in this way define
displacements satisfying the given boundary conditions and the Poisson equation with an arbitrary right-hand side. The
equilibrium equations are satisfied by choosing the right-hand side of the Poisson equation, for the determination of which
a system of nonlinear three-dimensional singular integral equations is derived equivalent to the original system of
equilibrium equations in terms of the volume occupied by an elastic body. The theory of multidimensional integral
equations developed by Professor S.G. Mikhailin is used to study the solvability of a system of integral equations [1].

Results and Discussion
There is considered a system of nonlinear equations of the form:
o—f’+fk+Xk=0,k=ﬁ 1)
2 2 2
In the ellipsoid V centered at the coordinate origin and having the boundary aV': % + Z—i + :—i = 1; (hereinafter, the values

with recurring Latin indices are summed starting from 1 to 3), where the following notation is adopted:

. . d . . d . .
fi= a_(UJS(Uz —d%w3), fo = 6_(011(03 —dPw), f3 = 6_(0'12‘*’1 — ol w,);
5o _ X X
o/l =2¢;; + Ae,07% = 0™ = pej, j # ki £ = €15 + €55 + €335 )
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— — — — 2 2 2 2
gkj = ek]' + &kj,ejj = u}"j,ejk = u}"k + uk'}',$j}' = ((,()1 + w3 + w3 — (1)] )/2,
&y = —wew;,j Fkj k=130, = (u3‘2 — u2‘3)/2,

Uq3—U Uz 1—U E VE

Wy = (1'32—3'1)' “’3. = ( 2'12 1'2); = 2(1+v)’ A= 1+v)(1-2v)
And the symbol 051 in (1) means the partial derivative 0'5] = 0o /0x;..
The system of equations (1) together with relations (2) describes the equilibrium state of an elastic isotropic
inhomogeneous ellipsoid [2, pp.83-84]. Upon that: o*/ = g/*- the stress components &xj = &, — the components of
deformations, w- rotation angles of an element around the axis Ox;, u = (uy, u,, u3) — the displacement vector), u;, =
du;/0xy, j, k = 1,3; X,,(k = 1,3) - the components of the volumetric external forces applied to an elastic body; u - shear
modulus of elasticity, A- Lame parameter, E = E(x)- tensile elasticity modulus, v = v(x) - Poisson’s ratio,
x = (x4, x,,x3) - rectangular Cartesian coordinates of the body’s point in the region V.

If in the system (1) the stresses and strains are replaced by their expressions from (2), then we obtain a system
of equilibrium equations expressed in displacements:

Ay + 6, /(1 = 2v) + L (W) + g (W) + X /u = 0,k = 1,3, ©))

Where
L) = [prein + 1jer; + A(err + ez + e33)] /1,
a a .
gr(u) = i{fk(u) + a[(ﬂ + D11 + X2z + x33)] + Ej(#){jk)}:g =divu;
A - Laplace operator.
Problem 1. It is required to find a solution u = (uq, u,,u3) for the system (1) in the field V satisfying on its border oV
to the condition
u=0 4)
Problem I will be studied in a generalized formulation. Let the following conditions be fulfilled: (a) E(x),v(x) €
W W),p > 3; (b) Xy € L,(V),p >3,k=13
Definition: We call the displacement vector u = (uy, u,, u3) € Wp(z)(V),p > 3, almost everywhere satisfying system (1)
and the boundary condition (4) as the generalized solution of the problem I.
Here Wé’) (V)(j = 1,2) is Sobolev space. By virtue of embedding theorems for Sobolev spaces Wé’)(V) with p > 3 the
generalized decision u € C(V), and elastic characteristics B/*"™ € C,(V),a = (p — 3)/p,p > 3.
To treat the problem I, we use the method developed in [3-5], where linear spatial problems for a homogeneous isotropic

ball [3], certain anisotropic inhomogeneous body [4], and nonlinear boundary problems for a non-uniform isotropic ball
[5] have been treated.
Lety = p(x) = (91(x), 92(x), 93(x)) (¥ = (y1,¥2,¥3)) be one-to-one mapping of the area \V on the ball Sg: yZ + y2 +
y2 < R?% Using x = () = (¥1(»), Y2 (), 3(y)) we denote the mapping which is inverse in relation to y = ¢(x)
.We will assume that
o) e WP W), p(») € W, (Sp),p > 3, (5)

In (3), we proceed to the new variables y;, j = 1,3. Then in the ball S, we get the system of equations having
the form

ap jy, yo + L) + g (W) + X, = 0,k =1,3 6)
Where

L) = u [ukynlj(pnxj-xj + ujyn(pnxkxj] + ekk(x).uyn(pnxk + ekj(x).uyngonxj + 1jejj(x)/1yn(pnxk:
gk(u) = fk(u) + (.uyn + Ayn)(pnxklj)(jjyn(x)(pnxk + ”yn(pnxj)(jkyn(x)(pnxj'x = l/)(y)'

A = (Y = b ()P, () P, (1),
bl =2u+A=abf=p(#k),bim=pu+A=pkjnm=13; )

The symbol 1j<anjx]- means summation over j: 1j<anjxj = Xj=1 Praja;-

Let’s notice that [, (u), g, (u) are linear completely continuous and nonlinear bounded operators in L,(Sz),p >3
respectively

System (6) solution for the ball S satisfying to the condition (4) on its boundary 0Sg: vZ + vz + y2 = R? will be searched
as

u(y) = fffSR G(x,y)p(x) dx, dx = dx; dx,dxs, 8
Where p = (py, pz, p3) is an arbitrary vector function belonging to the space L, (Sg),p > 3; G(x,y) is a harmonic Green
function of the Dirichlet problem for the ball Sy

The relation (8) is substituted in (6) and in order to determine the function p = (p;, p2, p3), we come to the system of
three-dimensional nonlinear singular integral equations of the form

Pe;(p;) + gi(p) + X = 0,k = T3, o)
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Where  Py;(p) = 5 (ak} + af +ai)p; () + =" [, 25 03 () dx + L (), fum (6) = 36,6 — Spim, 6 =
(xj —yj)/lx —y],0 =(6,,0,,03),0,, =1atn =mand ,,, = 0atn # m;n,mk,j = 1,3; p;(x)=p;(x) at x € Sg
and p; (x) = —(R*/|x|*)p;(R?/|x|?) at x € Sg, Ej; is a three-dimensional Euclidean space.
Note that Pk]-(pj) are linear bounded operators in L, (Sg),p > 3 at their essence.
In studying the solvability of system (9), we follow [1]. Let denote the symbol of the singular operator Pk]-(p]-) with
®@y; (v, 0). We can show that the symbol @, ;(y, 8) is given by the formula
(v, 0) = —bi" (X ¥n¥mum, j k =13, (10)
Where
Y = @1, ()01 + @ar, ()0 + @3, (X)03,n =1,3,x = P(y),y € Sg,x EV.
Introducing (7) in (10), we will have
Q3 (¥, 0) = —ayi —uyi —uyi, ®(v,0) = —uyf —avi —uvi,
Q33(y,0) = — vyt —uyi —ayi, (v, 0) = =2Byvij # k,j,k =13
We introduce determinants A= Dy, (y,0), A,= det ((ij(y, 9)) : Ag

2X2

det (Cij (y, 9))3)(3 . Then we get the following expressions for them:

A= yilpayf + povi + u(u + a)y3 /2] + viluoyf + pays + ulu + a)yi/2]+
+yiluu + ) Of +v3)/2 + 1Pyil,
A= —{yilPay? + ao(v + vD] +vivilao(rf +v3) + Bovil +

+yivilao(vf +v3) + Bovil+ vilutayi + ao(vi + v + (11)

+y3vilao(v? +v3) + Bovil+yvslwlayi + ao(vf + v},
Where
o = (U* + a® —4B%)/2, a9 = p(ua + 119)/2, By = 2(u* + 86> — a*® + 3ap,)/3.

Let Poisson's Ratio v = v(x) satisfies the condition

—-1< v(x) <vy, <1/2,Vx € V,v, = const. (12)
Then in the conditions of (a) and (12) functions will be the following a« = a(x),u = u(x) = ¢ > 0 vx € V. In addition,
by direct calculation we make sure that uy, = uy(x), ag = ag(x), Bo = Bo(x) = ¢ > 0 Vx € V Then the expressions in
square brackets in (11) are positive definite quadratic forms with respect to the variables y,, v,, y3 Therefore |A]-| =>c>
0 (j =1,3) Vy € S;, VO € 05,.As a result, the exact lower bounds of the moduli for the determinants A; (j = 1,3) are
positive. Then [1, p. 192], the index of the system of equations (9) is zero and the Fredholm alternative is applicable to it.
As a result, system (9) will be reduced to an equivalent system of the form

p—Gp=0 (13)
Where Gp is a nonlinear bounded operator in L,,(Sg), p > 3 and for any pl(j=12)¢€ L,(Sg),p > 3 belonging to a ball
”p]”Lp(SR) <r the assessment [|G(p") = G(p*)lL,(sp) < (@1 + @27 llp* = Pl (spis fair where q; (j = 1,2) are

known constants independent of r.

Let’s suppose the radius r of the ball and external forces applied to an elastic body are such that the conditions are met
q=(q +qr)r<1, ||G(0)”Lp(SR) <(A-qr. (14)

Under these conditions, the principle of contracted mappings [6, p.146] can be applied to equation (13) according to which

equation (13) in a ball ||p||Lp(SR) < 7 has the only solution p € L,(Sg),p > 3. Knowing p = (p4, p2, p3) and using the

formula (8) we find the solution u = (uq, u,, u3) € VI/;,(Z)(SR),p > 3 of the Problem I.

Thus, the following main theorem is proved.
Theorem. Let the conditions (a), (b) and (5), and inequality (14) are satisfied. Then the Problem | for an elastic

inhomogeneous isotropic ellipsoid has a unique generalized solution u = (uy, u,, u3) € W,,(z) WV),p>3

Summary

Studies of the spatial boundary value problems solvability in the elasticity theory are conducted in two basic directions.
The first direction is based on the application of functional analysis methods (the method of Hilbert spaces, variational
methods, implicit function theorems) which allow us to investigate the existence of generalized solutions for a wide class
of problems in the theory of elasticity in different energy spaces. Theorems on the existence of solutions of linear boundary
value problems are proved when working out this direction (G. Fiker. Existence theorems in the theory of elasticity. - M.:
Mir, 1974.-160 p.; G. Duvo, J.-L. Lions. Inequalities in mechanics and physics. - M.: Nauka, 1980.-384 p.), as well as
nonlinear boundary value problems of the theory of elasticity (Sjarle F. Mathematical theory of elasticity, Translated from
English - M.: Mir, 1992. - 472 p.). Investigations of the second direction are based on the theory of singular integral
equations (Kupradze V.D., Hegelia T.G., Bashleyshvili M.O., Burguladze T.V. Three-dimensional problems in the
mathematical theory of elasticity and thermoelasticity. -M.: Nauka, 1976.- 664 pp.) which are based on the fundamental
solutions of equilibrium equations. At present, such fundamental solutions are constructed for equations with constant
and piecewise-constant coefficients, describing the equilibrium state of isotropic homogeneous and piecewise-
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homogeneous elastic bodies. The study proposed within the framework of this work and relating to three-dimensional
problems is the development of research in the second direction.

Conclusion

An existence theorem is proved and an analytical method is developed for finding solutions of geometrically nonlinear
spatial boundary problems for an elastic isotropic inhomogeneous ellipsoid under kinematic boundary conditions.
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