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Abstract 

Sliding mode control approach is recognized as one 

of the efficient tools to design robust controllers for 

complex high-order dynamic plant operating under 

uncertainty conditions. The main advantages of 

sliding mode are low sensitivity to plant parameter 

variations and disturbances can be completely 

eliminated. This paper deals with the modeling and 

control of simple pendulum with different SMC 

strategies under various perturbed conditions. Here, 

first-order sliding mode control and second-order 

sliding mode control strategies are considered for 

regulation of simple pendulum. Control of simple 

pendulum, under different initial conditions is 

demonstrated in simulation in MATLAB 

environment. 
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Introduction 

A simple pendulum system is a mechanical system 

that exhibits periodic motion. It consists of a particle 

like bob suspended by a light string that is fixed at 

the upper rigid surface. The motion occurred in the 

vertical plane is driven by its weight [1].Pendulums 

have been known to be a good resonators and also 

suitable for reference in high quality clocks for a 

long time. In this paper a robust control strategy to 

control the oscillations of a simple pendulum was 

designed. This can be achieved by using Sliding 

Mode Control (SMC) which is one of the Variable 

Structure Control Systems (VSCS). 

 Variable structure control systems, as the 

name suggests, these are a class of systems where 

the 'control law' is deliberately changed during the 

control process  according to some predefined rules, 

which depend on the states of the system. Variable 

Structure Control Systems have been described in 

the literature by numerous authors [2]-[5]. The most 

distinguished feature of  variable structure control 

(VSC) is its ability towards robust control systems 

and using VSC in many cases results in invariant 

control systems. The term “invariant” means that the 

system is completely insensitive to parametric 

uncertainty and external disturbances.  

The basic idea of sliding mode control is 

that the structure of the control signal is altered as 

the state trajectory crosses switching surfaces in the 

state space as a result the desirable properties are 

achieved. SMC design entails the choice of the 

switching control and the associated switching logic 

to yield sliding motion on the sliding surface. 

Although sliding mode control method provides a 

robust controller for nonlinear dynamic systems [4]-

[6] and it inherits a discontinuous control action 

forces the system to reach the sliding surface.  

            This paper is organized as follows. (i) 

Mathematical modeling aspects of the Simple 

Pendulum is discussed in the section II. (ii) Sliding 

mode Control law aspects and Control strategy are 

discussed in section III. (iii) Simulation studies 

using MATLAB are discussed in section IV. (iv) 

Conclusions are presented in section V. 

II. MATHEMATICAL MODELLING 

 Consider the simple pendulum shown in 

Fig. 1, where l denotes the length of the rod and m 

denotes the mass of the bob. Assume the rod is rigid 

and has zero mass. 

 



m

g
l

 
Fig. 1. Simple Pendulum 

 

 Where θ denote the angle subtended by the 

rod and the vertical axis through the pivot point. The 

pendulum is free to swing in the vertical plane. To 

write the mathematical equation of motion of the 

pendulum, we need to identify the forces acting on 

the bob. There is a downward gravitational force 

equal to mg, where g is the acceleration due to 

gravity. There is also a frictional force resisting the 

motion, which is proportional to the speed of the bob 

with a coefficient of friction k. Using Newton's 

second law of motion, the equation of motion in the 

tangential direction can be written as 

ml mgsin( ) kl        (1) 

 

 To obtain a state model for the pendulum, 

consider the state variables as
1x   and 

2x   . 

Then, the state equations this pendulum system are 

obtained and given in equation (2). 
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  
     (2) 

 

Sometimes it is instructive to consider the pendulum 

equation where the frictional resistance is neglected 

by setting k=0.  

Considering the torque as a control input in the 

resultant equation can be modified and given in 

equation (3) by substituting k=0.  

1 2

2 1 2

x x

g 1
x sin(x ) T

l ml



  
  (3) 

This system can be modeled in terms of nonlinear 

functions f and b  i.e.,  f is a nonlinear function 

involving x1  and x2 variables (sin(x1)). 

x(t) f (x) b(x)u    (4) 

 

Sliding Mode Control 

The Sliding Mode Control (SMC) design consists of 

two basic steps (i)  defining a sliding surface along 

which the system can slide to its desired final states 

.The system trajectories are constrained onto a 

surface in the state space called the sliding surface. 

(ii)  Designing a control law. The function of the 

control law is to attract the system trajectories 

towards sliding surface in finite time and also to 

keep the trajectories on the sliding surface. The 

control law consists of linear and nonlinear parts. 

 

Reaching 

Surface

      

Sliding 

Surface

y

y

 
Fig. 2. Sliding Mode Control 

 

Based on the sliding surface design the SMC 

strategies can be classified as first, second and 

higher order sliding mode approaches. The higher-

order sliding mode control (HOSMC) [3],[10], 

defined as constraining the state trajectory to reach 

in finite time onto the sliding surface
rs  represented 

using equation (5).  
 r 1r n{x R :s s s s 0s }


     

 (5) 

here 'r' is order of SMC. The advantages of higher 

order sliding mode control strategy [10]-[12] 

includes (i) robustness to matched uncertainty (ii) 

Chattering reduction (iii) Higher convergence 

accuracy etc,. In this study, onlyFOR second-order 

sliding mode control (SOSMC) and specially 

twisting and super-twisting algorithms are 

demonstrated in simulation in MATLAB 

environment for the control of the simple pendulum. 

 

Relative Degree 

Relative degree to r means, in a simplified way, that 

the control input “u” first appears explicitly only in 

the thr full time derivative of “s”. Relative degree 

depends on the choice of system output, here we 

consider sliding surface S as the system output. It is 

used to classify the sliding mode control strategies 

and also signifies the effectiveness of that control 

strategy. 

 

1) First Order Sliding Mode Control (FOSMC): 

  

Consider the nonlinear model of the simple 

pendulum system as described in the equation (4). 

Design of FOSMC involves two important steps: (a) 

defining properly the sliding surface, (b) Design of 

control law so that system trajectories attracted 

towards the sliding surface.  

 

(a)Defining Sliding Surface: 

 

The sliding surface can be defined using the 

equation (6). 

 
nS {x R : s 0}      (6) 

 

Where nx R is the state vector and on sliding 

surface trajectories obey “ s 0 ”. 

 

(b) Designing Control Law: 

 

The control law of the FOSMC is expressed as 

follows: 

 

eq du u u     (7) 

with
equ is the equivalent control and 

du  is the 

discontinuous control. The discontinuous control 

signal is selected so as to bring the state trajectories 

towards the switching surface or sliding surface [1]-

[3]. The equivalent control is a control action 

necessary to maintain an ideal sliding motion in 

other words it ensures the state trajectory to remain 

on the switching surface s 0 during the sliding 

mode. 

The equivalent control ueq is obtained by setting 

equ u
s(x,u, t) 0




 
where  s f x,u, t . The 

discontinuous control can be defined as 

 du ksign s    (8) 

2) Higher Order Sliding Mode Control (HOSMC): 

Higher order sliding mode control not only removes 

some of the fundamental limitations of the 

traditional approach but also provides improves 
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tracking accuracy under sliding motion. The rth order 

sliding mode is defined in the equation (5). 

 

2.1) Second Order Sliding Mode Control: 

The second order sliding mode controller forcing the 

system state trajectories in finite time onto the 

second order sliding surface that defined using 

equation (5) on substitution of r=2. 

 

i) Defining Sliding Surface: 

In second order sliding mode all the trajectories will 

converge in finite time to the origin s s 0  of the 

phase plane (s,s)   [7]-[10]. Here, the sliding surface 

can be defined using the equation (9).  
ns {x R : s s 0}       (9) 

In matrix representation form, sliding surface ''s'' is 

defined as  s x Sx , here x is a state vector and 

nS R is switching function matrix. The switching 

function, ‘s’ , its  first derivative are continuous and  

second derivative is discontinuous .  

    
s s

s x f x b x u
x x

 
  
 

  (10) 

Differentiating the sliding variable s twice yields to 

the following relation: 

    

   

s f x b x
s s

uu
x u

αs ux β x

 
  
 

 

  (11) 

It is assumed that if   0s x s , 

m M( ) , 0 Γ β(x) Γ    α x   (12) 

 Where  
m M, Γ and Γ  are positive constants. 

 

ii. a) Control Law::Twisting Algorithm:  

 

 The twisting (TW) algorithm, one of the 

first known second order sliding mode algorithms, 

ensures a finite time convergence of the state 

trajectory to the origin of the phase plane  (s,s)
 

after executing a certain number of rotations around 

origin shown in Fig. 3. , and the circulation is due to 

the switch in control law. This algorithm mainly 

consists of only discontinuous control and described 

using equation (13). The sufficient conditions that 

ensure the finite time convergence of trajectories to 

the second order sliding surface are given in 

equation (14). 

 

 

max

TW m max

M max

u if u u

k sign s  if s 0 and u u

k sign s  if s 0 and u

u s

us

  


   
     

 

      (13) 

M
M m m m m M M m

0 m

4Γ
k k 0,k ,k ,Γ k Γ k

s Γ


       

 (14)    

ii. b) Control Law :: Super-Twisting Algorithm: 

Super-Twisting (STW) algorithm is also a second 

order SMC strategy that stabilizes systems in finite 

time and also improves the tracking accuracy.  The 

associated switching surface is shown in Fig. 4. In 

Super-Twisting algorithm the control law "
STu " is 

continuous with respect to time. 

The control law and the corresponding sufficient 

conditions are given in equations (15) and (16). 

 

 

ρ

ST 1

1

u α s sign

u

s u

wsign s

  

 
  (15) 

2 M

2

m mm

Γ (w )4
w ,α ,0 ρ 0.5

Γ Γ (w )Γ

  
   

 
 (16) 

s

s

 

 

s

s

 
Fig. 3.                                                          Fig. 4.  

 

 

Results and Discussion 

The Simple Pendulum mathematical model is 

described using equation (17). 

 0.25sin u       (17) 

Where  is Angular displacement,  is Angular 

velocity and   

u is Input torque. 

 

a) Using First Order Sliding Mode Control: 

The computation of first order sliding mode 

controller for this simple pendulum is enumerated as 

follows. 

 

1) Defining Sliding Surface for Simple Pendulum: 

Let us consider Sliding surface be 

s      (18) 

And the first time derivative of the Sliding surface is 

given by equation (19) 

 0.25sins u       (19) 
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2) Designing Control Law to Simple Pendulum: 

 In First Order Sliding Mode Control, the 

control action consists of two parts that is equivalent 

control ueq and discontinuous control ud. The linear 

part (equivalent control) of the control strategy is 

obtained by equating 0s  . Discontinuous control is 

considered as  du ksign s  , where k =0.75. 

               The effectiveness this control strategy is 

verified in simulation for this pendulum system 

under different initial conditions [0.5 0.2],[0.6 

0.3],[0.7 0.4] and [0.8 0.5]. The history of angular 

displacement, control signals with time are plotted 

under these perturbed conditions and shown in Fig. 

5. and Fig. 6. The angular displacement and angular 

velocity state-space trajectory is shown in Fig. 7. It 

is observed from these figures that when this 

pendulum system is subjected to the perturbation, 

these variables are returning to the original state. 

 

 
Fig. 5. Angular Displacement versus Time Using 

FOSMC 

 

 
Fig. 6. Control Signal versus Time Using FOSMC 

 

 

 
Fig. 7. Angular Velocity versus Angular 

Displacement Using FOSMC 

 

 

b) Using Second Order Sliding Mode Control: 

 

The sliding surface is defined as 

s      (20) 

And the first time derivative of the Sliding surface is 

given by equation (21) 

 0.25sins u       (21) 

And the second time derivative of the sliding surface 

is given in equation (22)  

 

     s 0.25 cos 0.25s sin uu          (22) 

These equations are used to derive the second order 

SM control law.  The equation (22) is compared with 

equation (11), to obtain the boundaries of s  (

m M, Γ and Γ ), that drive the trajectories to the 

required switching surface. By using  the 

information of sliding surface and 2nd order sliding 

mode control law, simulations are performed  with  

the two different algorithms (i)Twisting SMC(T-

SMC), (ii)Super-Twisting SMC(ST-SMC) 

 

i) Twisting Algorithm: 

In twisting algorithm, the controller constants 

km, kM are chosen such that, they ensure the system 

trajectories convergence in a finite time to the 

sliding surface. From the sufficient conditions, the 

constants obtained are 
m Mk 0.7,k 7  . 

               The effectiveness this algorithm is verified 

in simulation under different initial conditions [0.5 

0.2],[0.6 0.3], [0.7 0.4] and [0.8 0.5]. The history of 

angular displacement, control signals with time are 

plotted under these perturbed conditions and shown 

in Fig. 8. and Fig. 9. The trajectory of switching 

surface and its derivatives is shown in Fig. 10. It is 

observed from these figures that when this 

pendulum system is subjected to the perturbation, 

these variables are returning to the original state. 
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Fig. 8. Angular Displacement versus Time Using 

TW-SMC 

 

 
Fig. 9. Control Signal versus Time Using TW-SMC 

 

 

 
Fig. 10. First derivative of Sliding Surface versus 

Sliding Surface Using TW-SMC 

 

ii) Super-Twisting Algorithm (STW): 

 

       In super twisting algorithm, the controller 

constant α, w, ρ are chosen such that, they will 

ensure the finite time convergence of state 

trajectories to the switching surface. From the 

sufficient conditions, the constants obtained are  

α 1.5,w 3,ρ 0.5   .  

The effectiveness of super twisting algorithm is 

verified in simulation under different  initial  

conditions   [0.5 0.2], [0.6 0.3], [0.7 0.4] and [0.8 

0.5] . The history of angular displacement, control 

signals with time are plotted under these perturbed 

conditions and shown in Fig.11. and Fig. 12. The 

trajectory of switching surface and its derivatives is 

shown in Fig. 13. It is observed from these figures 

that when this pendulum system is subjected to the 

perturbation, these variables are returning to the 

original state. 

 
Fig. 11. Angular Displacement Versus Time Using 

STW-SMC 

 
Fig. 12. Control Signal versus Time Using STW-

SMC 
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Fig. 13. First derivative of Sliding Surface versus 

Sliding Surface Using STW-SMC 

 

Conclusions 

This paper presents first order sliding mode 

controller for a simple pendulum. The second order 

sliding mode controllers are also designed using 

twisting and super-twisting algorithm. Using these 

controllers simulation studies are performed under 

different initial conditions. Angular displacement, 

control signals and trajectories are plotted.  It is 

observed from the simulation results that, steady 

state convergence time for angular displacement is 

less in twisting SMC strategy and further less in 

Super-Twisting SMC strategy than compared to 

First order sliding mode control strategy. 
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