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Abstract 

Data envelopment analysis (DEA) is a performance 

assessment technique which mathematically provide 

a covering frontier referred to as the efficiency 

frontier. In DEA theory the units are supposed to be 

homogenous and comparable, whereas, this 

assumption is not always hold in practical issues 

when there is high-level units. In this paper, to have 

a fair assessment and augment the competition 

between the Decision Making Units (DMUs) we 

provide an algorithm based on hierarchical 

clustering and evaluate DMUs in difference levels. 

Finally, we apply suggested procedure to evaluate 

the performance of Iranian commercial banks.  
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1. Introduction 

Data Envelopment Analysis (DEA) as a non-

parametric efficiency measurement method was 

first described in Charnes et. al. (1978) and then 

extended by Banker et. al (1984), for performance 

assessment of a set of peer Decision Making Units 

(DMUs) each of which uses multiple inputs to 

produce multiple outputs. In some cases there is 

no global standard for evaluating the performance 

of the under evaluated firms, if any, may be far 

from the realities of society under evaluation. In 

fact, some existing absolute standards adopted by 

advanced countries may be defined taking into 

account their own society.While, measuring a 

society in a developing country according to these 

standards may led to very poor or even 

disappointing efficiency score. Accordingly, one 

of the strengths of DEA is calculating the relative 

efficiency of DMUs. DEA technique, 

occasionally called frontier analysis, establishes a 

covering frontier called efficiency frontier 

considering a Production Possibility Set (PPS). 

The DMUs located on the frontier as the standards 

of performance are defined efficient in a sense of 

DEA that DMUs not on the efficient frontier could 

try to achieve. Classical DEA models assign an 

efficiency score to inefficient units according to 

their distances to the efficient frontier. Actually, 

the main aim of calculating the relative efficiency 

is to create a competitive environment between 

the members of the society underevaluation.While 

in practical issues we may face a case which the 

selected PPS contains extraordinary units that 

because of having access to favorable technical, 

economic, political and technical conditions, are 

known efficient with a much higher efficiency 

level than the others. So, it is difficult or even 

impossible for some inefficient units to achieve 

such high-level units. On the other hand, 

considering the new PPS after eliminating these 

high-level units led to obtaining optimistic score 

efficiency for remaining units. It seems that a fair 

strategy in such cases is that inefficient DMUs 

improve their performance hierarchically. It 

means, addition to taking into account the best of 

society, an inefficient DMU be evaluated 

compared with units which located on lower 

levels and are more compatible with it. To handle 

this situations, Cooper et. al (2002 ) suggested a 

hierarchical category so that all DMUs are divided 

into several categories based on desired criteria 

and then each DMU is evaluated comparing with 

DMUs in the same and higher category levels. 

Alirezaee and Mir-Hassani (2006) presented an 

algorithm and partition all DMUs into some finite 

disjoint sets corresponding to different frontiers.  

The main contribution of current paper is to 

augment the competition between the units by 

partitioning all DMUs into different levels in 

terms of size. To do so, we implement hierarchical 

agglomerative clustering as one of the commonly 

clustering technique in data mining and evaluate 

each unit comparing with members of the clusters 

that it belongs to.  

The outline of the paper is organized as follows. 

In Section 2, we present an introduction to data 

envelopment analysis. Section 3 suggests a new 

method based on hierarchical agglomerative 

clustering for measuring the efficiency of DMUs 

in different levels. In section 4, we illustrate the 

proposed approach with an application to Iranian 

commercial banks. The paper ends with some 

conclusions and future research directions in 

Section 5.  

 

2. Data envelopment analysis  

Consider a set of n DMUs which DMUj (j=1,..,n) 

consumes the input vector Xj=(x1j,…,xmj ) to 

produce the output vector Yj=(y1j,…,ysj). In DEA 

literature, Production Possibility Set (PPS) or 

Production Technology is a set of all input-output 

vector (X, Y) so that the output vector Y can be 

produced by the input vector X. The PPS spanned 

by all DMUs is defined as 
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PPS provides a covering frontier called efficiency 

frontier. Any DMU located on the efficiency 

frontier is defined “efficient”, otherwise, it is 

defined “inefficient (Charnes et al. (1978)). 

In order to estimate the relative efficiency of 

DMUp (Xp,Yp), we solve the following slacks-

based measure (SBM) model proposed by Tone 

(2001)  : 
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(1) 

 

For each DMUp we have 1  . DMUp is an 

efficient unit if and only if 1  , otherwise, 

DMUp is inefficient. 

  

3. The proposed algorithm 

Despite accepting the DEA basic assumption of 

homogeneity for DMUs in input and output 

indexes, heterogeneity in size and activities cause 

unfair evaluation. The problem show up when 

high-level units on the efficient frontier are 

suggested as reference set for inefficient units. So, 

practically, it is difficult or even impossible for 

some inefficient ones to develop their 

performance, depending on how close they are to 

the efficient frontier. 

In this section, to reduce the impact of this 

heterogeneity on evaluation results, we suggest an 

algorithm based on hierarchical clustering. 

Hierarchical clustering is a method of cluster 

analysis in data mining and statistics which are 

subdivided into agglomerative (bottom-up) and 

divisive (top-down) methods. Hierarchical 

agglomerative clustering treats each observation 

as a singleton cluster of its own at the outset and 

then consecutively the two closest clusters are 

merged into a new combined cluster until all 

clusters have been aggregated into a single cluster 

that contains all observations. Hierarchical 

divisive clustering begin with all observation as 

the first cluster and then in succeeding steps, with 

the most dissimilar clusters being divided into 

finer groupings until individual observations are 

reached. Here, we consider agglomerative one as 

the most commonly used technique in computer 

programs that apply hierarchical clustering. Our 

proposed procedure for n DMUs with m inputs 

and s outputs can be summarized in the following 

three steps: 

Step1. Determine the 
( )n m s 

 matrix 

X Y    referred to as input-output matrix. 

Step2. To cluster all DMUs, apply hierarchical 

agglomerative clustering for input-output matrix. 

Step3. Evaluate each DMU related to cluster that 

it belongs to. In this steps, we obtain the score 

efficiency and reference set corresponding each 

cluster. 

Now, we apply the above procedure considering a 

simple example by which the obtained results can 

be readily seen in two-dimension space. We have 

10 DMUs which utilize one input, whose value is 

normalized to 1, in order to produce two outputs 

(Y1, Y2) whose data as given in Table 1. The 

respective PPS in output space (following Farrell 

(1957)) is portrayed in Fig 1 (a). As depicted in 

Fig 1 (b), after applying hierarchical 

agglomerative clustering, all DMUs will be 

classified into the 19 clusters. Clusters 1-10 are 

singleton clusters each of which contains              

DMU1-DMU10 respectively.  The number of 

each cluster has specified on it. Resultant clusters 

11-19 are listed in Table2. The new PPS 

corresponding to these nine clusters (11-19) are 

shown with ellipsis in Fig 1 (a). The 

corresponding hierarchical clustering dendrogram 

is shown in fig 2 that illustrates the arrangement 

of the clusters. 

Table1 Input-output data  

 
 

 

https://en.wikipedia.org/wiki/Cluster_analysis
https://en.wikipedia.org/wiki/Cluster_analysis
https://en.wikipedia.org/wiki/Data_mining
https://en.wikipedia.org/wiki/Statistics
https://en.wikipedia.org/wiki/Hierarchical_clustering
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Fig. 1. (a) PPS in output space constructed by 

given DMUs (b) Resultant merged clusters 

derived from hierarchical agglomerative 

clustering 

 
Fig 2. Hierarchical clustering dendrogram of 10 

DMUs 

 

Table 2 Resultant clusters along with their 

members for 10 DMUs 

Cluster Cluster members (DMU) 

11 5,10 

12 3,8 

13 9,5,10 

14 6,3,8 

15 1,4 

16 6,3,8,1,4 

17 7, 6,3,8,1,4 

18 2, 7, 6,3,8,1,4 

19 9,5,10, 2,7, 6,3,8,1,4 

 

Following third step of the suggested approach, 

we solve model (1) and evaluate each DMU 

comparing with members of the clusters that it 

belongs to. Each rows of Table 3 give the clusters 

consist of each DMU along with corresponding 

score efficiency and reference sets, respectively.  

For example, DMU1 is classified into clusters 

15,16,17,18 and 19 and its score efficiency 

relative to five corresponding PPS is 0.39, 0.18, 

0.18, 0.17 and 0.17 respectively. The produced 

reference sets are given in the third column of 

Table 3. This results show that although this unit 

is inefficient in all levels, it has better 

performance at lower levels. As the management 

strategy, DMU1 should improve its performance 

hierarchically by considering reference sets 

{DMU4}, {DMU3}, {DMU3}, {DMU2,DMU3} 

and {DMU2,DMU3} corresponding the lower to 

higher cluster respectively.  

 

Table 3  The obtained score efficiency and 

reference set corresponding each cluster for 10 

DMUs 

  

  
4. Application to Iranian commercial banks 

In this section, we consider a case study presented 

by Bagherzadeh Valami (2009) consisting of 24 

Iranian commercial banks with three inputs 

(Payable interest, Personnel, Non-performing 

loans) and five outputs (The total sum of the four 

main deposits, Other deposits, Loans granted, 

Received interest, Fee). Table 4 contains input-

output data.  

 

Table 4 Input-output data for 24 DMUs 

 

 
Table 5 shows 47 resultant clusters from the 

implementation of hierarchical agglomerative 

clustering method along with their members for 

24 DMUs.  

 

https://en.wikipedia.org/wiki/Hierarchical_clustering
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Table 5 Resultant clusters along with their 

members for 24 DMUs 

 
 

After evaluating each DMU comparing with 

members of the clusters that it belongs to, 

obtained different score efficiencies and reference 

sets are listed in Table 6. As can be seen, DMUs 

{1, 5, 6, 8, 9, 10, 11, 12, 13, 14, 15, 21, 23} have 

the best performance in all levels. While DMU20 

is inefficient in all levels and has the worst 

performance among all units. Such unit should 

adopt a management policy, by considering the 

associated introduced benchmarks in different 

levels, and improve its system hierarchically. For 

example, according to the forth column, DMU3 is 

introduced as the only target point of this DMU at 

the first levels.  

 

‘ 

 

 

 

 

 

 

Table 6 obtained score efficiency and reference 

set corresponding each cluster for 24 DMUs 

 
5. Conclusion and future research directions 

The classic Data Envelopment Analysis (DEA) 

models developed with the assumption that we 

deal with a set of peer Decision Making Units 

(DMUs), whereas, we may face  heterogeneity  

among DMUs in the presence of high-level in the 

actual world. So, in this contribution, we 

implemented the hierarchical agglomerative 

clustering and examined the efficiency of all units 

in different cluster to have a fair evaluation and 

reduce the effect of heterogeneity on the score 

efficiency. 

Our research can be extended in several ways. 

First, the analysis in this paper is based on 

technical efficiency score of DMUs related to 

different levels. While in situations where prices 

are known at each DMU, another kind of relative 

efficiency in DEA literature such as the cost, 

revenue and profit efficiency can be taken in to 

account for more curate analysis. Second, there 

are many families of data clustering algorithm, 

each of which classifies data based on a specific 

criteria, e.g. partitioning techniques of clustering 

like k-means and k-medoids and density-based 

clustering algorithms like DBSCAN and SNN. 

However, the analysis of obtained results through 

http://ubicomp.algoritmi.uminho.pt/local/download/SNN&DBSCAN.pdf
http://ubicomp.algoritmi.uminho.pt/local/download/SNN&DBSCAN.pdf
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implementing different method to choose the best 

cluster may be an interesting future research 

undertaking. Third, we believe that future 

researches are necessary to develop an appropriate 

clustering and evaluation method in the presence 

of imprecise or negative data. Also, in case of 

classification problems with DMUs whose 

activity continues across a multiple periods, the 

manager will deals with multi-period production 

system and it is required to investigate the 

effective factors on efficiencies and technology 

changes. 
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